The aim of this study is to introduce a method for crack detection and simultaneously assessing boundary conditions in beams. This study suggests a method based on the effect of a concentrated test mass on the natural frequency that is defined as a stationary mass, which can be located in different positions of the beam and cannot be separated from the beam. Timoshenko beam theory is used to calculate the frequencies. In this method, a beam with the desired number of cracks is modeled. The beam is divided into separated parts at crack section, which are joined together by elastic weightless torsion springs, to avoid non-linearity effects; it is assumed that the crack is always open. At the first step, equations for a cracked beam are extracted by considering the spring boundary conditions. Then, to verify the equations, numerical finite element model is used. In this way, a new method is also applied to model the torsion springs in supports and it is shown that suggested model is acceptable. Eventually, the obtained responses are evaluated and the sources of errors are identified. To correct the existing errors, a modifying function is suggested. Finally, the inverse problem is solved.
Introduction
Generally, to ensure lifetime safety of structures, their health should be monitored continuously to enable possible damages detection. Therefore, many studies have been conducted in damage detection so far [1] . Non-destructive testing methods are common in crack detection, but these methods are much expensive in comparison with computational methods. On the other hand, in computational methods (e.g., frequency based methods), experimental data collection from one point may be sufficient, and they have some advantages for components which are not fully accessible [2] . Since cracking effects on the dynamic properties of the structures, crack detection can be done with evaluation of these parameters. In this way, calculations are usually achieved using various numerical [3, 4] or analytical methods [2, 5] .
For both numerical and analytical methods, some remarkable parameters such as natural frequencies, coefficient of the stress intensity and mode shapes are studied [6] [7] [8] [9] . In Ref. [6] , location and depth of the crack are estimated from the intersection of the normalized natural frequency (as a function of location and depth of the crack) and an experimental response. In Ref. [7] , by using the strain energy density function, the additional flexibility in vicinity of the crack is evaluated, so a new finite element matrix is used to achieve dynamic response when a harmonic force is applied on a cracked free-free beam. Andreaus and Baragatti [8] considered contact surfaces to model non-propagating cracks for analyzing nonlinear behavior of a cantilevered beam. In this procedure, a sensor and driving load are required for crack Using of Artificial intelligence methods are common in damage detection. The advantages, limitations and research gaps in this field are discussed in Ref. [20] , but solution strategy for crack identification would highly benefit from a closed form solution. Therefore, they provide a combination of a closed form solution for the static analysis of multicracked beams and a new algorithm for the damage detection in beams. In fact, the availability of the closed form solution of the problem improves the performance of the algorithm. More importantly, it decreases noise induced by measurements errors and the accuracy of the results [21] .
To solve this problem and to describe the dynamic behavior of damaged structures, different analytical methods are employed, where in most of them, boundary conditions are assumed as known parameters. In other words, to solve the problem, the supports were considered as a fixed or simple support. In many cases, the performance of the supports is unknown and are not in good agreement with the considered idealization in simple supported beam and clampedclamped beam [18] . However, it is not possible to find a precise solution for the problem without studying performance of the supports. Furthermore, in many studies, Euler-Bernoulli beam theory is used which ignores shear deformations.
In 2002, Lele and Maiti [2] suggested a new method to solve the cracked beam problem by Timoshenko beam theory. In this new method, the Timoshenko equation for the cracked beam is expressed for a Cantilever beam with 8 th -order determinant. Lin [13] studied this problem for a simple boundary condition and introduced the certain beam equation as a closed-form solution. Khaji et al. [14] suggested a new method for crack detection problem of Timoshenko beam with various boundary conditions, which is based on bending vibration measurements. They considered six different boundary conditions. In the present study, these equations are developed for the spring boundary conditions.
In some research works, the effect of the desired number of cracks on the dynamic behavior of structure have been studied. Aydin [12] tried to calculate the frequencies and mode shapes of a Timoshenko beam by an analytical method that beam have certain numbers of cracks under axial load. In Ref. [22] , a beam is modelled with an arbitrary number of cracks, and development of crack identification approach in uniform simply supported beams by using a concentrated test mass is presented. The calculation was based on changes in natural frequencies of the cracked beams due to the test mass. Test mass is defined as a stationary mass, which is located in different positions of the beam. In the present study, the proposed method is developed for a beam with uncertain boundary conditions. According to the presented literature review, crack detection of a beam element involves three different aspects: the first one is the effect of cracks, the second one may be considered as the effect of the boundary conditions, and the third is how to detect location and qualification of cracks when the boundary condition is uncertain. Therefore, in this study, all the aspects are applied to achieve the minimum error, for which all equations are derived from Timoshenko beam theory. For verifying the results, finite element model is used. For numerical simulation of torsional springs in supports, a new method is suggested.
Theoretical Approach
Equations of the vibrations for a single span beam of the length L, the cross-section area of A, and moment of inertia I, are as follows [15] .
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Where ( , ) y x t is a transverse deflection function of the beam and ( , ) xt  is the slope of the deflection curve due to bending; E, G, and  indicate the Young's modulus, the shear modulus, and the material mass density, respectively; k  is the shear coefficient that is introduced to account for the geometry-dependent distribution of the shear stress. The above-mentioned equations can be re-written as follows: . Solving of these normalized functions are according to the following equations:
In the above-mentioned equations, A, B, C, and D are constant and the following variables are given by: According to Figure 1 , the beam is divided into n parts and the equations of each part are re-written separately, according to the following equations:
In the above-mentioned equations is equal to ∑ 1 . In addition, Ui and Ψi indicate the transverse deflection and the slope of ith segment. Moreover, Ai, Bi, Ci and Di are constant of the ith segment.
The conditions for continuity of displacement, moment, and shear force at the crack location are written, respectively, in the following form:
The cracked section is modeled as a rotational spring to evaluate the effect of the cracks:
This equation depends on the extension of the crack and is calculated for a single-sided open crack as below [14] :
In the above-mentioned equations, and are the depth of each crack and the height of the beam, respectively. The function is obtained through the following equation: Using equations 17 and 18, it is possible to re-write the constants of equations in (i+1)th part on the constants of equations in ith part of cracked beam:
Through a series of mathematical operations, a transformation matrix [Zi] is calculated [13] as:
A Precise Equation for Calculating the Natural Frequency
Consider a beam with a spring boundary condition in both ends as shown in Figure 2 . In this figure, and are left and right torsional stiffness coefficients of the beam, respectively. This paper studies a beam with uncertain boundary conditions. The equations are as follows (axial stiffness at supports is considered infinite):
Now, by considering the transformation matrix and equations 20 to 23, presented boundary conditions on both ends of the beam are re-written in the matrix form:
The coefficients of the nth part of the beam is calculated as the following:
Satisfying the four presented boundary conditions leads to a fourth order determinant. Finally, through the following equation, the problem is solved [13] .
The above-mentioned equation is called mother equation. All the parameters of the mother equation are defined as functions of vibration frequency, so vibration frequency can be calculated by solving equation 26.
Approximate Relationship
A cracked simple beam with a test mass is shown in Figure 2 . Frequency calculation can be done in a way that was first provided by the Rayleigh's method. The basic concept of this method is based on the principle of energy conservation law (undamped mode). Expression of the approximate is due to the fact that the natural frequency of the beam is calculated in the presence of the test mass by using mode shapes of cracked beam without the test mass (The mode shapes of the cracked beam with a test mass is considered to be the same as the cracked beam without the mass of the test mass).
Rayleigh calculated the amount of frequency with equalizing the maximum amount of potential energy and the maximum amount of kinetic energy [16] as:
The energy generated by the concentrate test mass without considering rotational inertia is obtained from the following equation:
Where m is mass of the test mass. If a torsion spring with stiffness of K is placed on the location 1 of a beam, the potential energy at the torsion spring is equal to:
By changing of variables (equations 3, 4) and normalizing functions and integrals and with considering the hypothesis of equality of kinetic and potential energies, the following equations may be considered [16] :
The investigation is in the case of undamped mode, and thus the following equation is obtained:
From Equations 31, 32 and 33, the vibration frequency of the beam in the presence of concentrated mass is equal to the following value:
It can be noted that in equation 34, numerator is K * for this mode shape, while denominator consists of two parts, M * (due to the mass of the beam) and m * (due to the mass of the test mass) for this mode shape. 
The Numerical Model
For assessment and verification of the relationships, results from a finite element model are used to confirm the accuracy of the present forward solutions. The beams with a single-sided transverse cracks of various depths that are located at different locations and spring supports in both sides are studied.
Cracked Beam Numerical Modeling
The finite element method is employed as a laboratory sample and it should be emphasized that blind application of finite element models may result in considerable errors. So, very small meshes are used to match the numerical and experimental models. For this, the beam is modeled with 8-node isoparametric plane-stress elements and to consider the [17] . 
Simulation of Beam Boundary Conditions
In supports, elastic conditions is considered. The transferring stiffness in the supports are infinite. As a result, for simplicity, a simply supported beam with torsion springs in both sides is assumed, as shown in Figure 4 .
In 2D or 3D finite element model, torsional springs cannot be simulated directly. Therefore, a new method is suggested to model torsional springs and they are simulated by the special arrangement of longitudinal springs, as depicted in Figure 5 . The stiffness of the longitudinal springs is calculated from the torsional stiffness of the torsional springs. In each support, the stiffness of longitudinal springs are equal. In these equations, it is assumed that the plane cross-sections remain plane, as shown in Figure 6 f) By using of statics relationships, moment in supports can be calculated.
g) It is concluded from the equality of the moment obtained in steps (c) and (f), that the suggested simulation for torsional spring in supports is acceptable. The considered common geometric data are beam depth H=25 mm and beam thickness B=12.5 mm, the value of the Timoshenko shear coefficient, k  for the rectangular cross-section is taken as 5/6. The stated operation is done for three higher modes similar to those obtained in this mode, and the similar results are obtained. 
Study of Equations
In this section, accuracy of previous parts are shown. Verification will be done by comparison between results of numerical and analytical methods.
Torsional Stiffness on Supports
The accuracy of equation 39 should be evaluated by changing the stiffness of torsional springs in both sides. If the frequencies of analytical method were equal to the frequencies of numerical, the suggested method is correct. It is shown in Table 3 and 4, by increasing in the number of cracks or torsional stiffness in two supports, the accuracy of the frequencies is reduced when errors are acceptable.
Changing Values of Test Mass and Accuracy of Method
Since the effect of the test mass is considered in Equation 43, this parameter is examined by the following formulation. Where is the percentage of mass ratio.
The obtained parameter from equation 43 that shows the effect of the test mass, has high amount of errors, so it is necessary to modify these amount for solving the inverse problem.
Effect of Different Length to Height Ratio
In this section, the responses are evaluated with significant changes in the ratio of length to height. Additionally, in the Table 6 , the obtained responses from the mother equation and in Table 7 , the responses from equation 39 are examined. According to Table 6 , it is concluded that obtaining responses in cases where the length to height ratio is less than 12, is faced to many difficulties. Thus in the next step, only beams with more than 12 of this ratio will be considered. In Table 7 , the evaluation of the equation (39) is presented. 
Identify Sources of Errors
As one of the main parts of the inverse solution is the use of equation 39 and according to Table 5 , it is needed to modify the effect of the test mass. To find the proper parameters for the modification function, the sources of errors should be determined, as given below:
a) The accuracy of the responses is reduced by increasing the mass of concentrated test mass, it is shown in Figure 7. b) According to Section 3, to model torsional springs in supports, a new method is suggested. Although moment absorption of the suggested numerical model and the analytical model are the same, but longitudinal deformation of nodes in supports are different as shown in Figure 8 . This is because the discrepancy of natural frequencies of these two models can be vary slightly. In other words, in analytical models it is assumed that the plane cross-sections remain plane but it is not according to the suggested numerical model. These graphs are plotted according to the characteristics of the beam in Table 1 , while linear deformation is based on analytical model. The comparison in Figure 8 is based on the mode shapes of the numerical model. c) Other source of the error is corresponding to the torsional spring that is employed in crack location to show the effect of cracks. It is located in middle of the beam cross-section but it is clearly not true. This amount is significantly less than the other errors, and it is negligible. 
Modification Function
Decision of this section is to find a function that matches the values of numerical and analytical solution. For this purpose, the point-to-point correction coefficient is defined as follows:
Where ce is the correction factor for solving the problem that is applied to term of test mass, because solution procedure is based on frequency changes due to the concentrated test mass. Now, to find a relation for this correction parameter Equation 45 is presented which is a function of numerical and analytical frequencies. 
Solving Inverse Problem
In this section, an algorithm is presented to solve the problem which is used in Equations 26 and 46. Figure 13 . Algorithm of a subroutine that is used in inverse solution algorithm to solve the equation (Figure 14) , this is named A + algorithm Table 8 . Inverse solving for a beam with a crack, based on the algorithm that is shown in Figure 14 ( ,
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K is based on the EI L coefficients.) Table 9 . The results of the inverse solving of the beam with two cracks according to the algorithm described in Figure 14 The , variety of frequency by changing in support torsional stiffness is much higher than the other parameter. Therefore, it is possible to guess the support torsional stiffness in the beginning of solving procedure (guess without consideration to cracks).
2) It is possible to guess crack modification function with a reasonable approximation without considering cracks.
3) Given the fact that the parameters of the crack are changed in a certain range, the initial quantity and the range of crack depth should be determined in the algorithm of inverse solving.
According to the above algorithms, the inverse solution is performed and the answers are obtained. 
Conclusion
In this study, the aim is to reduce the cost of health monitoring of beams, for which the analytical method is used. This procedure contains five main stages. In the first step, equation of cracked beam with one sided open crack and uncertain boundary conditions are presented. In the next stage, a new numerical model is suggested to simulate cracked beam with 2D torsional springs. In the following step, the acceptable performance of the new model is shown. The comparison between responses of numerical and analytical model is performed, and source of errors is identified to solve the inverse problem. A modification coefficient is suggested which is a function of amount and location of the test mass. In the last part, an algorithm for inverse problem is proposed. It is very encouraging that the obtained results of the inverse algorithm are very close to those obtained from the numerical model, when all three aspects of crack detection in a beam is considered.
